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INTRODUCTION,

In this final report of our three and half years research sponsored by the Air Force
Office of Scientific Research, we provide a comprehensive list of our research activities,
accomplishments and work in progress during the period of June 15,1991 to January
14,1995. )

There were two major research explorations by the Howard University wavelets

group. The first was in the pointwise and Lp(Rd) convergence anda rates of convergence
for multiresolution approximations and wavelet expansions. Our second major emphasis
was image and curve processing, compreséion and restoration by a quasi-interpolation
multivariate spline method. In addition several other research projects including
wavelets results are also noted in this report.

Our papers including theoretical as well as algorithmic papers have been published
and accepted in 17 leading research journals and proceedings, with four other papers
submitted and two in preparation. In addition the Pl Raphael was an editor on the
critically acclaimed book Wavelets and lts Applications [Be et al].

Presently we are continuing our research in image processing, classification and
neural networks.

lLA. Wavelets Research
Mark A. Kon, Subcontractor, Boston University
Louise A. Rapnael. Pl. Howard University
Wavelets have been successfully applied to signal processing, numerical analysis,
and quantum mechanics. They are especially useful as they have both good time and
frequency localizations, as well as regularity (differentiability) and approximation
properties
I.A 1. Pointwise Convergence of Wavelet Expansions
Much interest has been shown in our joint research with S.E. Kelly on pointwise

d
and LP(R") convergence of wavelet expansions results [KKR1, KKR2, KKR3]. We have
shown under general hypotheses on the scaling functions and/or wavelet, that for general

i imn 1 D/DAN far A L4 das e lsieaa o ian A mdiams A o N
funstinne in 1 g el Tz h, WNGU ITUIETESTILCH GRpiCKITIGUCTES (ikgNDy), diaiinyg -

wavelet expansions (1<p<o0), and wavelet expansions (1<p<oo0) of the form f(x) =

]

. d ‘ . .
chkw(Q x-k), je Z, keZ are shown to converge pointwise almost everywhere and in

Lp norm. As an immediate corollary we have that the best L2 spline approximations on

uniform meshes converge pointwise almost everywhere. The proof for non-uniform
meshes is still an open problem.
The essential ideas of the proof are that, unlike the Fourier summation kernel

associated with the projection operators of L2 onto the scaling spaces, the wavelet
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summation kernels are bounded by radial decreasing L‘(Rd) convolution kernels. In the
case where the existence of only the wavelet is assumed (i.e., the existence of the scaling

function is not assumed) cancellation of the projection kernel (from L2 onto L2) oft the
main diagonal is proved. Namely the kernel of the positive scale portion is shown to be
the same as negative of the kernel of the positive scale part. We also show that the
summation of wavelet expansion is partially insensitive to order ¢ summation.

I.A 2. Rates of Convergence of Wavelet Expansions

In [KR1, KR2] necessary and sufficient conditions on the wavelet, scaling function,
projection kernel and symbol for given rates of convergence of wavelet expansions in the
supremum norm are given. For example, such expansions have order of convergence s if
and only if the basic wavelet is in the homogeneous Sobolev space of order (-s-d/2),
where d is the dimension of the space. These results hold in one and in multiple
dimensions.

In [KR3] we used similar techniques to prove that that spline expansions converge
almost everywhere to any L2 function being approximated on grids which are uniform or

with bounded mesh ratics. We also give rates of convergence of such expansions in L°° as
the mesh size goes to 0.

[.A 3. Quasiorthonormality and Wavelets
Jean Paul Pemba. Postdoc, Howard University
Recent work introduces the concept of quasiorthonormai basis in a Hilbert space. Its
properties are studied and applications to wavelets and multiresolution analysis in

L2(IR) are proved in [P2] and [P4].

I.A 4. Classification of Noise via Autocorrelation
John Benedetto, Consuitant, University of Maryland
Rodney Kerby, Researcher, Howard University
Louise Raphael, Pl, Howard University
Daniel Williams, co-Pl, Howard University

The primary goal of this ongoing project is to classif‘y and analyze various types of
perceived noises. The mathematical definition of certain noises, such as white noise or
Weiner processes, obviate the subtlety of properly defining and classifying noises.

Our basic techniques involve extension and modifications of successful noise
suppression methods from generalized harmonic analysis and from wavelet and frame
theory . These include methods of Weiner and Rice, Benedetto and Teolis, Daubechies, and
Wornel and Oppenheim. We are extending these standard techniques in a new way to deal




with a variety of noises such as cockpit disturbances, traffic, reverberation, shot effect.

An experimental component of our approach is to model mathematically the

~correlation of candidates for noise. Such candidates are characterized by properties

which hinder clear reception of given classes of signals without further processing. We
use arithmetic mean correlations because of the difficulty in directly analyzing the
noise. An analytic component of our work is the construction of a bounded function F
with noise-like properties whose correlation vanishes at "infinity" so that pure tones
are not present. Existing constructions and qualitative examples using probabilistic and
ergodic methods are inadequate for these purposes.

Our functions also have the property that the wavelet system {Fm,n} is
uncorrelated over dilations. This ensures a way of building various noises, and provides
a method of locally detecting signals in noise. The mathematical setting is obviously not
in the context of finite energy signals. Successful completion of this analysis will lead to
an experimental tool, viz., two dimensional color coded wavelet plots measuring local
noise intensity and phase for noises. A mathematical problem which rounds out the
project is to quantify noises in terms of the power spectra which can be computed by the
aforementioned methods. Preliminary results have been obtained.

B. Compression of Images via a Quasi-interpolaticn Multivariate Box-
Spline Framework

Harvey Diamond, Consulitant, West Virginia University

Louise A. Raphael, PI, Howard University

Daniel A. Williams, Ill, co-Pl, Howard University

Maliat et al. have designed compact image coding algorithms that separate the edge
from the texture information of a photograph. The essential key is to detect multiscale
edges from the local maxima of the wavelet transform modulus. They then reconstruct
an image approximation from the important edges that are selected by the coding
algorithm. An error image is computed by subtracting the reconstructed image from the
original one. This error image contains the texture information, which is coded with an
orthonormal basis. They have achieved high compression rates.

Aldroubi and Unser (at NiH) have used spline wavelets for their work, while Lucier
Gid deVoic Nave impiessive dala Compression and reconsiruclion raies with respect 10
L1 norm. These results seem to indicate that wavelets are accurate, however
reconstruction in real time is a problem. Moreover thefe is a need for baseline wcrk in
splines to which these wavelet reconstructions can be compared. Our prototypical work
shows that our multivariate box spline algorithm is more accurate than originally
intuited by others.

The algorithm encodes the data of a picture file as a linear combination of integer
translates of a box spline. A key feature is the two scale relation B(x) = chkB(ZX - k)

which is used extensively for decomposition purposes. Ours is truly a two-dimensional




scheme, while many methods scan line by line. The latter schemes consider a picture as
an array of pixels on a single row. They record shades of gray along a scan line and look
for |

discontinuities or jumps in order to detect edges. As we use box splines our edge
detection scheme does not scan .pixel by pixel. The key is we look at differences of
intensities in a two dimensional sense.

Our alternative approach of using multivariate box-splines and approximate”
orthogonal projections was introduced {DRW1] to give a numerical method for Poisson's
equation on a square. Our tables showed g significant gain in accuracy and stability.

In [DRW2, DRW3] our technique is to represent the intensity function of the image
by a finite sequence of quasi-interpolant approximations using multivariate box-splines
at successively halved resolutions. This is a local method and contrasts with spline and
wavelet methods which employ exact orthogonal projections.

This muitivariate box-spline quasi-interpolation approximation is especially
effective in image regions where the pixel values vary smoothly. In regions where there
are edges, our algorithm retains more coefficients in order to delineate the edges. This
results in a good approximation of the original picture.

In [ DRW3] we appiied our above aigorithm to smooth out noisy curves. This has
applications to forged handwriting and removing noise in medical signals.

C. Shallow Water Theory

James E. Donaldson. Howard University

Daniel A. Williams. co-Pl, Howard University

A mathematical justification for the "shallow water" theory for time-dependent
two-dimensional flows of an inviscid, irrotational, incompressibie fluid moving under
the influence of gravity in the space of square integrable measurable functions is
provided [DW1, DW2, AW]. In the first paper a new derivation of the shallow water
theory is provided which enabled the researchers to extend some of their results to
three-dimensional flows.

The results of the first paper naturally lead to the investigation of an abstract two
point boundary value oroblem. This led to the develooment of tachniquies nuhlichad in 2
second paper [DW2], which were instrumental in the proof of the 3-dimensional
problem in the Ph. D . thesis of A. Al-hoori. .

D. Weiner-Wintner Theorem in Higher Dimension

Rodney Kerby, Researcher, Howard University

Wiener, in devising a Fourier analysis theory for the space of bounded functions,
interrelated the ideas of the average autocorrelation and Fourier transforms. A
generalization of this result [K] for a positive Radon measure & on Fourier space has




been proved. A function F has been constructed such that the average autocorrelation of
~ Fis equal to the Fourier transform of n. There three different constructions are given.
For example, one has good control at the jumps, while another construction has good
control at specific positions. This result has applications to periodic or random noise
signals that exist over the entire space where the energy content is infinite. John
Benedetto has been the advisor on this project.

E. Interactions with Howard University Researchers

1. Dr. James Donaldson is a researcher in differential equations and applied
mathematics. Donaldson and co-PI Williams have completed research on shallow water
theory.

2. Drs. Tepper Gill and Zachary Woodward are principal investigators of major
research grants supporting the Howard University Computation Science and Engineering
Research Center (ComSERC). Under an Army Research Office grant, ComSERC is part of
the University of Minnesota's Army High Performance Computing Research Center. This
ARO grant provided Raphael and Williams each with a SUN work station. Williams, the
co-Pl is serving as a consultant on medical imaging for ComSERC and has transferred
some of this expertise to the AFOSR project.
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1. Howard University wavelets group consistigg of a core of three faculty members
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October 1991,
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